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Abstract 
Various generalizations of Krull domains (including Priifer-u-multiplication domains, do- 
mains of Krull type and independent domains of Krull type) are characterized by the fact that 
their multiplicative monoids (resp. their groups of divisibilities) admit certain divisor theories. 
1. Introduction 
Borewicz and SafareviE [S] introduced the concept of an integral domain with 
divisor theory. Inspired by their work and building on old papers by Arnold and 
Clifford [3,8], Skula [35] defined the notion of a semigroup with divisor theory; for 
a survey on semigroups with divisor theory cf. [17]. 
In the thirties of this century W. Krull introduced a class of domains which are 
called Krull domains now. An integral domain is said to be a Krull domain if it has 
a defining family of finite character consisting of discrete rank one valuations. 
Chouinard generalized this concept to monoids (cf. [7,12]). 
In the course of time it became more and more clear that there is a close 
relationship between a divisor theory and a family of valuations. Skula [36] stated 
that an integral domain is a Krull domain if and only if its multiplicative monoid has 
a divisor theory. Krause showed that a monoid has a divisor theory if and only if it is 
a Krull monoid ([27]; cf. also [ 181). 
Griffin [14] studied various generalizations of Krull domains: among them are 
(independent) domains of Krull type, generalized Krull domains, essential domains 
and Priifer-u-multiplication domains (PVMDs). In particular the latter ones have 
received a great deal of attention in recent literature (see references). 
Aubert introduced po-groups with quasi-divisor theory [4], which were investi- 
gated in detail by MoEkoF and Kontolatou [30-321. 
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In [lo] it was shown that the relationship between (generalized) divisor theories 
and families of (generalized) valuations is indeed a fundamental one which can be 
derived in a very abstract setting. 
The main aim of this paper is to show that various generalizations of Krull domains 
may be characterized by the condition that their multiplicative monoids (resp. their 
groups of divisibilities) have generalized ivisor theories. Hence our main results are 
of the following type: an integral domain is a domain of Krull type if and only if its 
multiplicative monoid admits a quasi-divisor theory of finite character if and only if its 
group of divisibility admits a quasi-divisor theory of finite character (Theorem 5.4); 
analogously for independent domains of Krull type (Theorem 5.5) and for PVMDs 
(Theorem 5.2). This implies in particular that the property of being a domain of Krull 
type or a PVMD is a purely multiplicative one; i.e., it just depends on the multiplica- 
tive monoid of the domain. In [19] similar results are obtained for so-called weakly 
Krull domains. 
This paper is organized as follows. In Section 2 we present our main ideas and 
central notions in the context of monoids. Thereby we build on the general theory of 
monoid homomorphisms recently developed in [lo]. A simple prototype of our key 
results is formulated in Proposition 2.16. Section 3 is written in the context of 
po-groups. Its main result (Theorem 3.8) is achieved by using the theory of t-ideals 
which goes back to [25]. 
Arithmetical concepts, as for example the notion of a divisor theory, have been 
developed in the setting of monoids as well as in the setting of po-groups. We have 
decided to use both languages and to show precisely how some central notions 
translate (Section 4.1). We hope that looking at matters from both viewpoints will lead 
to a deeper understanding. Furthermore, this procedure allows us to build directly on 
results derived in the context of monoids as well as on results derived in the context of 
po-groups. In Section 4.2 the arithmetical relationship between monoids and po- 
groups on the one hand and integral domains on the other hand is investigated. 
Finally in Section 5 we present our main results already mentioned above. 
2. Monoids 
In the first two subsections we introduce valuation monoids and valuations. Most 
of the results have their analoga either in the valuation theory of integral domains or 
in the theory of totally ordered groups. In Section 2.3 we define the notion of a quasi- 
divisor theory. Proposition 2.10 and Theorem 2.17 will be crucial for our further 
discussion. 
We start with some basic definitions. Throughout this paper, a monoid means 
a commutative and cancellative monoid. We use the standard notions of semigroup 
theory as developed in [12]. 
Let D be a monoid. Then D” denotes the group of invertible elements, and we say 
that D is reduced, if D” = { 1). D is called a gcd monoid, if for each two elements 
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cc, jI E D there exists a greatest common divisor gcd(a, fl) (cf. [ 12, Section 61). 
Let H c D be a submonoid. Then H- ’ *D means the quotient monoid of D with 
respect to H. If H = D, then D-’ . D = d(D) is a quotient group of D, and we always 
assume that D G H-‘.D c_Z!(D). 
We define a congruence modulo H by 
a = BmodH if and only if CX-‘~~E~(H). 
Then D/H = D/S means the factor monoid, and for tl ED we denote by [a] its 
congruence class. If in particular H = D”, we set D/D” = Dred. 
We say that H G D is saturated, if H = [l] (or equivalently H = DnA?(H)), and 
that H E D is divisor closed, if a E D, fi E H and aI/? implies a E H. Obviously, every 
divisor closed submonoid is saturated. Furthermore, a subset P E D is a prime ideal if 
and only if D \ P E D is a divisor closed submonoid. 
Finally, D is said to be integrally closed, if a E Z!(D) and a” E D for some n E N + 
implies that tl E D. 
2. I. Valuation monoids 
Lemma 2.1. Let D be a monoid. Then the following conditions are equivalent: 
(1) If Z and J are two ideals of D, then either I 5 J or J G I. 
(2) If a, b E D, then either al b or bJa. 
(3) Ifx E 9(D), then either x E D or x-l E D. 
Proof. Obviously (1) implies (2) and (2) implies (3). So suppose that (3) holds and let 
I, J be two ideals of D with I $ J. To show that J G I we take an element b E J. 
Choose some a E I\ J. If ab- ’ E D, then a = (ab- ‘)b E bD G J, a contradiction. Hence 
a-lbED.Thereforeb=a(a-‘b)EaD~Z. 0 
Definition 2.2. A monoid D is called a valuation monoid, if it satisfies the equivalent 
conditions of Lemma 2.1. 
Let D be monoid. Then D is a valuation monoid if and only if Dred is a valuation 
monoid. If D is a valuation monoid, then D is integrally closed; further saturated 
submonoids and monoids D' with D E D’ c 9(D) are valuation monoids. 
The number of divisor closed submonoids H with Dx # H c_ D is called the rank of 
D; it may be finite or infinite. 
A valuation monoid D is called discrete, if D is cyclic. Obviously, a discrete 
valuation monoid D is either isomorphic to (N, +) or D = D x is a cyclic group. Hence 
it has rank zero or rank one. 
Lemma 2.3. Let D be a monoid such that D # D”. Consider the following conditions: 
(1) Ifa,b,c~Danda”~cb”foralln~N + , then al b (i.e. D is completely integrally 
closed). 
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(2) If a, c E D and a”[ c for all n E N + , then al 1 (i.e. D is archimedian). 
(3) If a, c E D and a 4 Dx, then c (a” fir some n E N + (i.e. D is primary). 
(4) D has rank 1. 
Then (1) implies (2) and (3) implies (2); moreover (3) and (4) are equivalent. LfD is a gcd 
monoid, then (2) is equivalent to (1). Finally, all conditions are equivalent, if D is 
a valuation monoid. 
Proof. (1) = (2): Obvious. 
(3) => (2): Let a, c E D such that an/c for all n E N + . Assume to the contrary, 
that a,t’l. Then c/urn for some mEN+ and hence am~‘(c(am; this implies a/l, 
a contradiction. 
(3) * (4): Let D” # H c D be a divisor closed submonoid and a E H \ D ‘. Then 
H’ = (c E D I clan for some II E N + } G H and (3) implies H’ = D, whence H = D. 
(4) =+ (3): Let a,cED and aeD’. Then D” #H’= {LED 1 bla” for some 
n E N + } G H is a divisor closed submonoid. Thus H’ = D and hence c E H’. 
(2) * (1): Suppose that D is a gcd monoid and let a, b, c E D be given such that 
a”lcb” for all n E N +. We set a = a’d and b = b’d with d = gcd(a, b) and we have to 
show that a’[ 1. For n E N + , gcd(a”, cb”) = a” implies gcd(a’“, cb’“) = a’” and hence 
gcd(a’“, c) = a”’ (cf. [12, Theorem 6.41). Thus we infer a’1 1 by condition (2). 
If D is a valuation monoid, then it remains to verify that (2) implies (3); however, this 
can be seen immediately. 0 
Remark. (1) Every factorial monoid, which has at least two nonassociated primes, is 
a completely integrally closed gcd monoid but not primary. 
(2) Let D be a proper submonoid of (N, +) such that the greatest common divisor 
of its elements equals 1 (i.e., D is a primitive numerical monoid cf. [12]). Then D is 
archimedian, but not integrally closed and hence not completely integrally closed. 
(3) Concerning the relevance of primary monoids we refer to [19]. 
Lemma 2.4. Let D be a valuation monoid and a E D \ D ‘. Then there exists a largest 
divisor closed submonoid D, G D with a$ D,. 
Proof. Let ,4 denote the family of divisor closed submonoids of D not containing CI. 
Since D” E ,4, A is not empty, and we set D, = UH E n H. To verify that D, is 
a submonoid, choose a,a’ E D,. We may assume that a’Ja in D. Let H E .4 with a E H; 
then a’ E H and thus au’ E H G D,. Obviously D, is divisor closed, c1$ D, and D, con- 
tains every divisor closed submonoid H of D with a$ H. 0 
2.2. Valuations 
In this section we study valuations (i.e. monoid homomorphisms into valuation 
monoids). 
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Let cp :H + D be a monoid homomorphism. Then cp induces canonical homomor- 
phisms Cp, : H + Red, (Pred : ffred -+ Dred and .S!((p):9(H) -+ 22(D). We set H, = 
S(V)- l(D). 
Definition 2.5. A monoid homomorphism cp :H + D is called 
(1) essential, if a, b E H and cp(a)lq(b) implies albc for some c E cp-‘(D”). 
(2) a ualuution, if D is a valuation monoid. 
Lemma 2.6. Let D be a valuation monoid, H a divisor closed submonoid and 
z : D + DfH the canonical homomorphism. Then D/H is a reduced valuation monoid and 
n is an essential surjective homomorphism with Ker(rr) = [l] = H. 
Proof. Obviously D/H is a reduced valuation monoid. The assertion on rr follows 
from Theorem 2.10 in [lo]. 0 
Let CJJ : H -B D and cp’ : H + D’ be valuations. We say that cp and cp’ are equivalent if 
there exists an isomorphism + : D + D’ such that 9’ = $0 cp. Let [q] denote the 
equivalence class containing cp. If cp’ E [q], then H, = H,, and we set Hc~, = H,. 
Lemma 2.7. Let D be a reduced valuation monoid and 9 the set of divisor closed 
submonoids of D. Let cp : H --) D be a surjective valuation and @ the set of equivalence 
classes of surjective valuations cp’ : H --) D’ onto reduced valuation monoids D’ such that 
H, s H,!. Then there is a bijection p : 9 --f @ such that for two monoids E, E’ E 9 we 
have E E E’ implies HP(E) E Hpp). 
Proof. For a monoid E E 9 let rc : D + D/E denote the canonical epimorphism. Then 
by Lemma 2.6 D/E is a reduced valuation monoid, Ker(rc) = E and hence H, c H, o q. 
We set p(E) = [(nocp: H + D + D/E)] E @. If E’ E 9 with E G E’, then HpCE) E 
Hp(~,). In order to show that p is a bijection, we construct its inverse map. 
Let [(cp’ :H + D’)] E @. For two elements a, b E H we define 
a = b if and only if q(u) = cp(b), 
and 
a =’ b if and only if q’(a) = q’(b). 
Let a, b E H with a E b. Then u-lb E Ker($(cp)) z H, E H,,, which implies that 
cp’(a)lq’(b). Similarly we infer that cp’(b)lq’(u). Thus a =’ b and we obtain the 
following commutative diagram (cf. [12, Theorem 4.11): 
H-H/s-H/z’ 
IL I JI I 
H-D-D’ 
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where $ : D + D’ is the unique homomorphism with $0 cp = cp’. We define a map 
q : Q, + 3 by q( [q’]) = Ker($). q is well defined, Ker($) 5 D is divisor closed and p, q 
are inverse to each other. 0 
Let cp :H --+ D be a valuation, c1 E D \D x and D, the largest divisor closed sub- 
monoid not containing IX (cf. Lemma 2.4). We set 
cp,:H-D-D/D,. 
Then (Pi is a valuation into a reduced valuation monoid (Lemma 2.6) which is 
surjective, if cp is surjective. Obviously H, E H,=, and if cp is essential and surjective, 
then so is cpI1 (this follows from Lemma 2.6 and from [lo, Lemma 2.51). 
Lemma 2.8. Let cp : H + D, cp’ : H + D’ be valuations and let c1 E D\ D ‘. Consider the 
following three conditions: 
(1) H,, E HVa. 
(2) (P’-~(D’~) c &-l(l) = cp-‘(D,). 
(3) Ifalp for some a E H, then a~‘(a)#D’“. 
Then (1) implies (2) and ifcp’ is essential, then (2) implies (1). Moreover, (2) and (3) are 
equivalent. 
Proof. The first assertion follows from Proposition 3.9 in [lo]. 
(2) 3 (3): Let a E H with alcp(a). Since D, is divisor closed and a$ D, we infer that 
cp(a)#D,. Then a$cp-l(D,) 2 (pfW1(Dfx) and hence q’(a)$D’“. 
(3)=(2): LetaEHwithcp(a)4D,.SinceE={BEDIBIcp(u)”forsomenE~+}is 
a divisor closed submonoid of D containing &a), it follows that E $ D, and hence 
c( E E. Thus there is an n E N, with ollcp(a)“. Therefore cp’(a”)#D’” and hence 
cp’(a)#D’“. q 
Definition 2.9. Let cp :H + D and cp’ :H --, D’ be valuations. We say that cp depends on 
cp’, if there exists an o! E D\ Dx such that condition (3) of Lemma 2.8 holds. Otherwise 
cp is called independent on cp’. 
Proposition 2.10. For 1 I i I 2 let vi: H + Di be surjective valuations onto reduced 
monoids Di. Then (1) implies (2): 
(1) cpl is independent on cp2. 
(2) For any surjective valuation $: H + D onto a reduced monoid D such that 
H,, c H$,for 1 I i < 2 we have Ker(+) = H (or equivalently H, = A?(H)). 
Zfq, is essential, then (1) and (2) are equivalent. 
Proof. (1) + (2): Let cpl be independent on (p2 and let II/: H + D be a valuation 
having the above properties. Since H,, c H,, there exists a divisor closed submonoid 
E G Dl such that H, = H(norp,:~-t~, +D,/E) where rc : D, + D,/E is the canonical 
epimorphism (Lemma 2.7). Assume that E # D1. Then there exists an a E D1 \ E and 
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hence E G D1,,. Therefore H,, c H, = H(,,,,) c H,, = and hence by Lemma 2.8 
Ker(cpJ c Ker(cpi,,); i.e. cpl depends on cpZ, a contradiction. Thus E = D1 and 
9(H) = &=~,,:H+D,+D,/D,) = H,. 
(2) * (1): Suppose that cpz is essential and assume to the contrary that (pi depends 
on (p2. Then there is an 1 # c1 E D1 with Ker(cp2) E Ker(cp,,,), whence rp;‘(D,,J = 
Ker(cpr,,) = H. Since cpl is surjective, there is an a E H with q,(a) = aeD,, a contra- 
diction. 0 
2.3. Divisor theories 
Definition 2.11. Let cp :H --t D be a monoid homomorphism. We say that cp is 
(1) a divisor homomorphism, if a, b E H and cp(a)(cp(b) implies a( b. 
(2) divisorial, if for every a E D there exist al, . . . ,a, E H such that a = 
gcd(cp(a,), . . ..cp(~J). 
(3) a gcd homomorphism, if H, D are gcd monoids and rp(gcd(a, b)) = gcd(cp(a), cp(b)) 
for all a, b E H. 
Obviously, divisor homomorphisms and gcd homomorphisms are essential. For 
a family of monoids (DJPeP we consider their restricted product 
I_I ={ Dp (adpsP in DP a,EDpX foralmostallpEP . 
PSP Pep 
If all DP are valuation monoids, then obviously nPEP Dp and upsp DP are gcdmonoids. 
Conversely, let H be a gcd monoid. Then there exists a family of valuation monoids 
Wpe~ and a gcd divisor homomorphism cp = ((P~)~.~: H + npaP Dp such that all 
‘pp are surjective (indeed, this is the realization theorem for lattice ordered groups by 
Lorenzen; cf. Section 3.1 and [29, Theorem 1.91). 
We say that a gcd monoid H is ofjnite character, if there exists a family of valuation 
monoids (DJpEp and a homomorphism cp :H + UPEP Dp having the above properties. 
Definition 2.12. Let H be a monoid. A divisorial divisor homomorphism cp :H + D, 
where 
(1) D is a gcd monoid, is called a quasi-divisor theory. 
(2) D is a gcd monoid of finite character, is called a quasi-divisor theory ofjnite 
character. 
(3) D is a restricted product of valuation monoids, is called an independent quasi- 
divisor theory. 
(4) D is a restricted product of rank one valuation monoids, is called a generalized 
divisor theory. 
(5) D is a restricted product of discrete rank one valuation monoids, is called 
a divisor theory. 
A monoid D is a valuation monoid (a gcd monoid, a gcd monoid of finite character) 
if and only if Dred is. Furthermore, a monoid homomorphism cp :H + D is divisorial (a 
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divisor homomorphism, a gcd homomorphism) if and only if rp, :H + D + Dred has 
the corresponding property if and Only if (P& : Hred + Dred has the corresponding 
property. 
Therefore a monoid H admits any of the above defined divisor theories if and only if 
Hred does. 
Let cp = (cp, :H -, Dphe~ be a family of monoid homomorphisms. Then cp induces 
a monoid homomorphism 
'P=ncp,:~+n~p=~ 
PEP PEP 
by means of d4 = (cpp(~)),,~~ and every monoid homomorphism cp :H -+ D arises in 
this form. 
q is said to be of _/kite character, if the set {p E P 1 cpp(a) # Dp” } is finite for every 
a E H. Obviously, cp is of finite character if and only if q(H) c UpeP D,. 
cp is said to be a defining family, if H = npeP HqI; cp is a defining family if and only if 
cp :H + D is a divisor homomorphism (cf. [lo, Proposition 3.21 for a detailed proof in 
the case where cp is of finite character). 
cp is said to be a divisoriul family, if cp :H + D is divisorial. 
Definition 2.13. A monoid is said to be an essential monoid, if there exists a defining 
family of essential surjective valuations. 
In order to show that the condition “surjective” in the previous definition can be 
omitted, we need a lemma. 
Lemma 2.14. Let q: H + D be a monoid homomorphism. Then 
D’= {cp(u)-lcp(b)lu,bEH such that q(u)Icp(b) in D} c D 
is saturated, and 2?(q): Z(H) + %(D’) is surjective. 
Proof. Let ~1, /3E D’ and y E D such that /_l = ay. Then there are ai, u2, bI, b2 E H with 
rp(al)lr&4, cp(h)lrp(bd and a = cph)-‘cp(d, B = dbI)-‘dbd. Then Y = 
q(uzbI)-‘q(uIbz) and y ED implies q(uzbl)lq(uIb2); thus y E D’. Obviously, 
d(q): 1(H) + S!(D’) is surjective. 0 
Proposition 2.15. A monoid is an essential monoid ifund only ifit has a de$ningfumily of 
essential valuations. 
Proof. Let H be a monoid and cp = ((pp: H + Dp)pEp a defining family of essential 
valuations. All that has to be done is to find a defining family of essential surjective 
valuations. 
Let p E P; we set 
0; = {~~(a)- ‘q,(b) I a, b E H such that cp,(u)lq,(b) in Dp}. 
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Then by the previous lemma Db G D, is saturated and hence a valuation monoid. 
Obviously, ‘pp: H + 0; is essential and thus 
r+Qp: H --) D; + (D& = E, 
is an essential valuation. Since Z?($,) : 2?(H) + S(E,) is surjective and E, is reduced, it 
follows that tip is surjective by [lo, Lemma 2.91. Clearly, 
H c -WW’(~,) s %cp,)-‘(W c J(cp,)-‘(D,) 
and therefore $ = (I&: H + Ep)pEP is a defining family of essential surjective valu- 
ations. IJ 
A central point in this paper is to show that a monoid (or later on, a po-group or 
a domain) admits a (special) divisor homomorphism into a (special) gcd monoid if and 
only if it has a defining family of (special) valuations. A simple prototype of such 
a result will be proved in the next proposition. 
Proposition 2.16. A monoid admits a divisor homomorphism into a gcd monoid (ofjinite 
character) if and only if it has a deJning family of valuations (which is offinite character). 
Proof. Let H be a monoid and q : H 3 D a divisor homomorphism into a gcd monoid 
D. Then D admits a gcd divisor homomorphism + = (y?,),,r: D + JJpPP Dr into 
a product of valuation monoids where all lclp are surjective. For p E P we set 
cp,=JI,o?:H-,D-rD,andcp=((~,),,~=*~~:H-rn,,~D~. 
Since q and $ are divisor homomorphisms, cp = II/ 0 q is a divisor homomorphism 
and hence cp = (cp,: H + D&r is a defining family. 
If W) c LIpeP Dr, then q is of finite character. 
Conversely, let q = ((pp: H + D&r be a defining family of valuations. Then 
cp = b~p)pe~: H -+ Hpep DP is a divisor homomorphism into a gcd monoid. If cp is of 
finite character, then cp = ((P~)~.~: H --f uPsp Dr is a divisor homomorphism into 
a gcd monoid of finite character. 0 
Theorem 2.17. Let H be a monoid, cp = (cp,,: H + DP)rEp a family of valuations offinite 
character and cp = ((pP)rsp : H + UpEP Dr. Then the following are equivalent: 
(1) cp is a divisorial divisor homomorphism (i.e. cp is an independent quasi-divisor 
theory). 
(2) cp is a defining family, which is divisorial. 
(3) cp is a defining family, all (pp are pairwise independent and rpp,, : H + DP,red is 
surjective for all p E P. 
In particular, if cp fulfills properties (l)-(3), then all qP are essential and cp, = 
(cp,,, : H --) DP.redps~ satis@ (l)-(3). 
Proof. This follows from [lo, Proposition 3.2, Theorem 4.6 and Proposition 4.31. 0 
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3. Po-groups 
Arithmetical properties of po-groups have not been investigated to the same extent 
as those of monoids and integral domains. Nevertheless, Aubert [43 introduced 
a notion of a quasi-divisor theory for directed po-groups as a natural generalization of 
a divisor theory which was introduced by Skula [35] and which represents aprincipal 
tool for investigation of arithmetic properties of po-groups. This notion seems to have 
a very deep relation with t-ideals for po-groups which were introduced and investi- 
gated by Jaffard [25]. 
In this chapter we would like to proceed in characterizing po-groups with a quasi- 
divisor theory by using special valuations of these po-groups. We introduce the notion 
of a quasi-divisor theory of finite character and characterize po-groups with such 
a divisor theory. 
Throughout, all po-groups will be written multiplicatively and are supposed to be 
abelian and directed. 
3. I. Basic dejnitions 
In this section we introduce all necessary notions and we repeat some constructions 
which are necessary for further understanding. We use the standard notions of the 
theory of po-groups as developed e.g. in [2,13,29]. For the convenience of the reader 
we repeat only some notations and gather some elementary facts. 
A po-group (G,. , I) is uniquely determined by the set of positive elements 
G+ = {g E G 1 g 2 i} which satisfies the following conditions: G+. G+ c G+, 
G+ n{x-lI x E G+} = (1). A po-group G is called an o-group, if (G, I) is totally 
ordered, and it is called an I-group, if (G, I) is a lattice. G is said to be archimedian, if 
x, y E G and x” I y for all rr E N + implies x < 1. A subgroup H of a po-group G is 
called convex, provided that for all a, b E H, g E G such that a < g I b it follows g E H. 
The number of convex subgroups H with (1) # H c G, is called the rank of G. 
A convex directed subgroup is said to be an o-ideal. 
A group homomorphism i3 : G -+ r from a po-group G into a po-group r is 
said to be an o-homomorphism if a(G+) s r +. It is called an o-monomorphism 
if it is injective and a(G+) = r + na(G); it is called an o-epimorphism if it is 
surjective and a(G+) = r + and finally an o-isomorphism means an injective o- 
epimorphism. Further B is said to be an 1-homomophism, if G,T are I-groups 
and a(a A b) = a(a) A a(b) for all a, b E G and it is called a valuation, if it is surjective 
and r is an o-group. 
If H is a convex subgroup, then on the factor group G/H we may define an ordering 
such that the canonical homomorphism G + G/H is an o-epimorphism and, converse- 
ly, for any o-epimorphism 8 : G + r, r is o-isomorphic to G/Ker(a). 
A family (Gi)i,r of o-groups and an o-monomorphism a: G + nisi Gi (ordered 
componentwise) such that pi 0 8 is surjective for all projection maps pi, is called 
a realization of G. If in addition, 8 is an l-homomorphism, we speak of an I-realization. 
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Every Z-group admits an l-realization (cf. [29, Theorem 1.91). An l-realization 
a: G + nisi Gi is said to be of$nite character, if d(G) E @is, Gi. 
An important role in the arithmetic of po-groups is played by r-ideals. Let G be 
a po-group. A subset X E G is called lower bounded, if there exists a g E G such that 
g I x for all x E X. Recall that a mapping X H X, of the set of lower bounded subsets 
of G into the power set of G which satisfies the following conditions: 
(1) X G X,, 
(2) x E Y, * x, c Y,, 
(3) {a}, = a* G+ = (a), for all a E G, 
(4) a-X, = (a.X),, for all a E G, 
is called an r-system and the subsets of G of the form X, are called r-ideals. An r-system 
is said to be ofjnite character, if 
x, = u Y,. 
Y C X, Y finite 
Among various r-systems there exists a special one, called the u-system, where 
X” = n (Y), 
x~(y),y~G 
and among systems of finite character there exists a t-system, where 
x, = u Y”. 
Y s X, Y tinite 
On the set y,(G) of r-ideals of G we may define an ordering by X, I Y, if and only if 
Y, E X, and a multiplication X,x Y, = (X, Y,), = (XV ),. A po-group G with an 
r-system is called r-closed, if (X,:X,) c_ G+ for any X,, where (X,: X,) = 
{gEGlgX,EX,}. N ow, for any r-closed po-group G we can associate another 
r-system in G which is denoted by r. and which is determined by 
whenever X is a finite subset of G. The r,-ideal generated by a general bounded subset 
A of G is then equal to the set-theoretical union of all r,-ideals generated by finite 
subsets of A. The principal property of the rO-system is that the semigroup yra(G) is 
a monoid and hence possesses a quotient group n,(G) which is called the Lorenzen 
r-group of G. The Lorenzen t-group of a po-group G (which is t-closed) has a special 
importance. By y!(G) we denote the semigroup of all finitely generated r-ideals of G. 
An o-homomorphism 8 from a po-group G with an r-system r1 into a po-group 
r with r-system r2 is called (rI, r2)-homomorphism, if 8(X,,) s (a(X)),, for any finite 
X E G. By a t-valuation we understand a valuation w of a po-group G which is 
a (t, t)-homomorphism. It was proved by Jaffard [25] that there is a bijection between 
the set of t-valuations of a t-closed po-group G and the set of t-valuations of the 
corresponding Lorenzen group n,(G). Moreover, in this case /i,(G) is an I-group and 
these t-valuations of n,(G) are in one-to-one correspondence with prime t-ideals of 
n,(G)+ (for more details see [25, p. 441). 
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Definition 3.1. (1) An o-homomorphism 8: G -+ r into an l-group r is called a quasi- 
divisor theory, if the following two conditions are satisfied: 
(Dl) d is an o-monomorphism, 
(D2) For all CI E r+ there exist g ,,...,g,EGsuchthatcr=8(g,)A...r\a(g,). 
(2) Let a: G + r be a quasi-divisor theory. If r admits an I-realization of finite 
character (resp. if r equals a direct sum of o-groups), then a is called a quasi-divisor 
theory ofjnite character (resp. an independent quasi-divisor theory). 
Jaffard proved (using a little different terminology) the following fundamental 
characterization. 
Theorem 3.2. Let G be a po-group. Then the following statements are equivalent: 
(1) G admits a quasi-divisor theory. 
(2) The embedding 8: G -+ A,(G) given by a(g) = (g) is a quasi-divisor theory. 
(3) The semigroup .9:(G) is a group (i.e. G is a t-Priifer po-group in Aubert’s 
terminology [4, Ch. 63). 
Iffor G the previous equivalent conditions hold, then A,(G) is o-isomorphic to 9:(G). 
Proof. See [25, p. 55-J; cf. also [21, Proposition 1.51. 0 
3.2. Essential valuations 
A family of o-homomorphisms (w : G + G,),,w is said to be a dejining family (resp. 
a family ofjnite character), if (w 1 G+ : G+ + Gz ),, W is a defining family (resp. a family 
of finite character). 
Definition 3.3. (1) An o-homomorphism a: G + r is called essential, if it is an o- 
epimorphism and Ker(a) is an o-ideal. 
(2) A po-group G is said to be an essential po-group, if there exists a defining family 
of essential valuations. 
If d : G + r is a quasi-divisor theory of a po-group G, then any t-valuation w of 
G onto G, may be extended to a t-valuation $ of r onto G, in such a way that 
ti, 0 d = w. $J is then called a canonical extension of w. 
Proposition 3.4. Let a : G --) r be a quasi-divisor theory of G, W a family of t-valuations 
of G and @ the set of all canonical extensions of valuations from W : 
(1) W is a dejning family of G if and only if fi is a dejning family of r. 
(2) W is of jinite character if and only if I@ is of a finite character. 
(3) w E W is essential on G if and only if 6 is essential on r. 
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Proof. (1) Let W = (w : G + G,) be a defining family of G and let a E r be such that 
$(c()> lforallw~ W.ThenthereexistgI,...,g,~Gsuchthata=~(gI)A 1.. Aa 
and it follows that W(a) = w(gI) A ... A w(g,,). Since G, is an o-group, we obtain that 
W(gi) 2 1 for all w E W. Hence, a 2 1. The converse implication follows from the fact 
that d is an o-monomorphism. 
(2) Let W be of finite character. Then for a E r and gl, . . . , gn E G such that 
CI = a(&) A ... A a(g,) we have 
{t;E~~iC(U)#l}G b {t;EkVlW(gi)#l}. 
i= 1 
Hence, fi is of finite character as well. The converse implication is trivial. 
(3) Let w E W be essential on G and let CI E Ker(9). Again, for gl, . . . ,g,, E G such 
that c( = a(gl) A ... A a(g.) we have (without restriction) 
1 = t;(N) = min{W(gi)I 1 5 i I n} = W(gl). 
Since Ker(w) is directed, there exists g E Ker(w) such that g 2 g1 and for /? = a(g) 2 
a(g,) 2 6(a), we have /? E Ker(W). Since any surjective l-homomorphism is an o- 
epimorphism, it follows that ti, is essential. 
Conversly, let V? be essential. Then Ker(W) is a prime I-ideal of r (i.e. T/Ker (4) is an 
o-group). Since G has a quasi-divisor theory, it is a t-Priifer po-group and according to 
[30, Theorem 2.91, there exists a prime t-ideal P of G’ such that G, is o-isomorphic to 
G/[P], where [P] is an o-ideal generated by G+ \P in G. From the proof of this 
theorem it follows that the following diagram commutes: 
where rcl, 7c2 are canonical o-epimorphisms and ol, cr2 are o-isomorphisms. Hence, 
W=$oa= o2 0 cl 0 nl and it follows that Ker(w) = [PI. Therefore, w is an o-epimor- 
phism and Ker(w) = [P] is an o-ideal. 0 
Theorem 3.5. Let a po-group G admit a quasi-divisor theory. Then every dejiningfamily 
of t-valuations of G consists of essential valuations and there exists at least one defining 
family of t-valuations of G. In particular, G is an essential po-group. 
Proof. Let W be a defining family of t-valuations of G and let I’ be the Lorenzen 
t-group. Let I@ be the set of all canonical extensions of valuations from W. Then 
according to Proposition 3.2, I@ is a defining family of r. Since r is an l-group, for any 
a,flEr we have (a,B)t=(aAB)={YErIY2ar\B}. Hence, we have $(aAfl)E 
&((a, /$) E ($(a), 6( j?))t = ($a) A G(b)) and it follows that &(a A fl) 2 $(a) A t;( /?). 
Since $ is an o-homomorphism, the converse inequality holds as well. Hence, 8 is an 
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I-homomorphism. Therefore, Ker(B) is a prime l-ideal (and therefore directed) and 
$ is an o-epimorphism. It follows that $ is an essential t-valuation and according to 
Proposition 3.4, w is an essential valuation, 
Now, let X;; be the set of all t-local o-ideals of G, i.e. o-ideals H such that G+ \H is 
a prime t-ideal of G+. According to [30, Corollary] we have n H E &G H = {l} and, 
moreover, G/H is an o-group for each H E So (see [30, Theorem 2.91). Hence, the set 
W = { wn 1 wH is a canonical t-homomorphism G + G/H, H E *o} is a defining family 
of t-valuations of G. l-J 
Lemma 3.6. Let w : G -+ r be an essential valuation. Then w is a t-valuation. 
Proof. Let X be a lower directed subset in G and let g E X,. Then there exists a finite 
subset K z X such that g E K,. Let M: be a lower bound of w(X) in r, u = w(a). Then 
we have w(a) 4 A w(K) = w(r) for some I E K. Since w is an o-epimorphism, there 
exists b E Ker(w) such that a I br. Analogously, for each s E K there exists c, E Ker(w) 
such that c,r I s and since Ker(w) is directed, we may find an element c E Ker(w) such 
that c -< c, for all s E K. Hence 
acbb’ I cr I c,r < s, s E K, 
and it follows that g 2 acbb’. Hence, w(g) 2 w(a) = M and w(g) E (w(X)),. Therefore, 
w(X,) c (w(X)), and w is a t-valuation. 0 
Proposition 3.7. Let G be a po-group with an r-system of ideals. Let S:(G) be the set of 
all Jinitely, generated r-ideals of G. Then the following conditions are equivalent: 
(1) (Y,!(G),x) is a group (i.e. G is a r-Prtifer PO-group). 
(2) For any A,, B, E Y:(G), 
(A, + B,) x (A, A l-3,) = A, x B, 
holds, where A, + Br := (AruB,),. 
Proof. Similar to [16, Proposition 33. 0 
We now present he principal result of this section, i.e. we characterize po-groups 
with a quasi-divisor theory of finite character. 
Theorem 3.8. Let G be a po-group. Then the following conditions are equivalent: 
(1) G admits a quasi-divisor theory ofjnite character. 
(2) G admits a defining family ofjnite character consisting of essential valuations. 
Proof. (1) * (2): Let G admit a quasi-divisor theory of finite character. Then 
there exists a defining family of finite character of t-valuations of G and according 
to Theorem 3.5, this defining family is a family of essential valuations of finite 
character. 
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(2) * (1): Let W be a defining family of essential valuations of G of finite character. 
Then according to Lemma 3.6, any valuation from W is a t-valuation. Let X, be an 
r-system in G defined by W, i.e. for any lower bounded set X of G we set 
Then X, really defines a system of r-ideals of G (see [25, p. 471). We show that 
X, = X,. In fact, let g E X,. Then there exists a finite subset K c_ X such that g E K, 
and we have w(g)E w(K,) c (w(K)), = (w(k))t for some element kEK. Hence, 
w(g) 2 w(k) and it follows that g E X,. Conversely, let g E X, and let al E X be an 
arbitrary element. Then there exist at most finite number of valuations w2, . . . , w. E W 
such that 
1 = w(g) = w(a1), w E w \{w,, . . . ,w.}. 
Since g E X, for any i, 1 I i < n, there exists ai E X such that wi(g) 2 Wi(ai). But then 
we have gE(al,az ,..., u,),. In fact, let WEW. If w#wi for i=2 ,..., n, then 
w(g) = ~(a~). If w = Wi for some i, then wi(g) 2 Wi(Ui). Hence, the r-system X, is of 
finite character and it follows that X, c_ X,. Therefore, X, = X,. 
Now, from [25, Ch. II], it follows that every w E W may be extended onto 
a semigroup 9!(G) of all finitely generated r-ideals. Namely, for A, E j!(G) we can 
set $(A,) = inf w(A). Then for every A,, B, E Y:(G): 
+?(A, x B,) = $(A,) x $A,)-$(B,), 
+(A, + B,) = $(A,) A 8(B,), 
as may be proved easily. We define a map d: f!(G) -+ nwEW G, such that d(A,) = 
($(A,)),. Then d is an injection map. In fact, let d(A,) = d(B,) and let g E A,. Let 
w E W. Then there exists a E A such that w(g) 2 w(a) 2 $(A,). If for all b E B we have 
w(g) < w(b), then w(g) < infw(B) = d(B,) = ti(A,), a contradiction. Hence, it follows 
that g E B,. 
Now, let A,,B, E 91(G). We show that 
d((Ar + &I x (An &)I = 4% x &I. 
Let w E W. We prove first that 
(*I 
(A,n B,)/H = AJH n B,fH 
in G/H, where H = Ker(w). In fact, this equality follows directly from the fact that H is 
directed (since w is essential). 
Since G/H (which is then o-isomorphic to G,) is an o-group and H is an o-ideal, we 
have A,/H = (A/H),, i.e. AJH is a r-ideal in G/H (see [30, Theorem 2.51). Now, all 
t-ideals A,, B, in an o-group satisfy the following identity: 
inf(A,nB,) = inf(A,)vinf(B,), 
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as may be proved directly. Hence, we have 
= 8; CWW v 81 [(B/H),] = $4,) v $(B,). 
Then we obtain 
$((A, + B,) x (A,n B,)) = +?(A, + B,).G(A,n B,) 
= CG(A,) A N-&)1. C$%) v ~@,)I 
= $(A,).$(B,) = $(A, x B,), 
and the identity ( * ) holds. Since d is injective, we obtain that G is a t-Priifer po-group 
according to Proposition 3.7. Hence, G has a quasi-divisor theory of finite character 
according to Theorem 3.2. 0 
4. 00 the correspondence b tween monoids, po-groups and integral domains 
We start by describing the algebraic correspondence between monoids, po-groups 
and integral domains from the categorial point of view. 
Let D denote the category of integral domains with ring homomorphisms, S the 
category of monoids with monoid homomorphisms, Sred the category of reduced 
monoids with monoid homomorphisms and G the category of po-groups with 
o-homomorphisms. (Remember, that monoids are commutative and cancellative and 
that po-groups are abelian and directed). 
LetRED,SES,HE&, GoGbeobjectsandleta:R+R’,cp:S+S’,$:H+H’ 
and a: G -+ G’ be morphisms. We set 
o(R) = R* = R\(O), o(o) = CT[ R*; 
red(S) = Sred, red(v) = (Pred; 
A?(H) = H-’ + H with 9(H)+ = H, 2?(11/) is the extension of $ to 22(H); 
+(G) = G+, +(a) = alG+; 
WV = ~(R:ed, 9(c) = ~~(~~~*)recd 
S(R) is called the group of divisibility of R. 
Proposition 4.1. Sred is a full subcategory of S. l : D -+ S, red : S --) &ed, 2 : &ed 4 G, 
+ : G + Sred and ‘3 : D --, G are functors. ‘3 is the composition of l , red and A?. 9 and 
+ are inverse to each other, whence Sred and G are equivalent categories. 
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Proof. Straightforward. 
Two problems are central in the investigation of the relationship between monoids, 
po-groups and integral domains: 
(1) Realization problems of the following type: which kind of po-groups can be 
realized as groups of divisibilities or for which subcategories of D and G can 9 be 
reversed? For such questions cf. [29, Ch. S]. 
(2) Which arithmetical properties of the integral domain R are in fact properties of 
R*, resp., 9(R); i.e., what properties of R are purely multiplicative? 
The present paper is devoted to the second question and hence in the two 
subsequent subsections we study the arithmetical relationship between monoids, po- 
groups and integral domains. 
4.1. Monoids and po-groups 
Lemma 4.2. Let H be a monoid and G = 9(Hred). Then we have: 
(1) H is a gcd monoid (a valuation monoid) if and only if G is an l-group (an o-group). 
(2) H is archimedian (in the sense of Lemma 2.3) if and only if G is archimedian. 
(3) S s H is a divisor closed submonoid if and only if _%?(S,,,) E G is a convex 
subgroup. 
(4) The rank of the monoid H equals the rank of the po-group G. 
Proof. (1) see [13, Proposition 1.51. 
(2) see [13, Proposition 1.231. 
(3) and (4) are obvious. 0 
Lemma 4.3. Let H, D be monoids and cp : H + D a monoid homomorphism. Then cp indu- 
ces an o-homomorphism 8 = _?!((P~~~): Z?(Hred) + 9(Dred) and we have: 
(1) cp is a gcd homomorphism if and only if 8 is an l-homomorphism. 
(2) cp is a divisor homomorphism if and only if 8 is an o-monomorphism. 
(3) (Pred is surjective if and only if 8 is an o-epimorphism. 
(4) Let 8 be surjective. Then cp is a valuation if and only if 8 is a valuation. 
(5) Let d be surjective. Then q is essential if and only if fa is essential. 
Proof. (l)-(4) are obvious and it remains to prove (5). Let 8 be surjective. By 
[lo, Lemma 2.71 cp is essential if and only if q,,d is essential; hence we have to show 
that (P& iS eSSential if and only if 8 is essential. 
Let (Pred be essential. Since 2((Pred) is surjective, it follows that (Pred is surjective by 
[ 10, Lemma 2.91 and hence 8 is an o-epimorphism. To show that Ker(a) is directed, let 
x = a- 1 b E Ker(a) be given with a, b E Hred . Then cpred(a) = qred(b) and hence blat for 
SOme C E Hred with (P&C) = 1; but this means c E Ker(a), c 2 1 and c 2 a-lb = x; i.e., 
Ker(a) is directed. 
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Conversely, suppose that 8 is essential and let a, b E Hred be given such that 
cp,Ju)lq,&b). This means @a- lb > 1, and since 8 is an a-epimorphism there is ) _ 
a dr E Hred with 8(dI) = i3(u- ’ b). Therefore there is a dz E Ker(8) with a-lb 
= dI d2 2 dz. Since Ker(8) is directed, there is a c E Ker(8) with c 2 1 and c 2 d; ’ 
and hence a I bd; ’ I bc; i.e. al bc and c E Hred with q(c) = 1. 0 
Proposition 4.4. Let H be a monoid and G = 9(Hred). 
(1) H is an essential monoid if and only if G is an essential po-group. 
(2) H has a quasi-divisor theory (a quasi-divisor theory ofjnite character, an indepen- 
dent quasi-divisor theory) if and only if G has a quasi-divisor theory (a quasi-divisor 
theory of finite character, an independent quasi-divisor theory). 
Proof. This follows immediately from Lemmas 4.2 and 4.3. I-J 
4.2. Integral domains 
The previous section immediately implies the following simple facts on an integral 
domain R (cf. [2, Theorem 11.1, Corollary 11.4 and Theorem 11.61): 
(1) R is a gcd domain if and only if R’ is a gcd monoid if and only if Q(R) is an 
l-group. 
(2) R is a valuation domain if and only if R’ is a valuation monoid if and only if 
Q(R) is an o-group. 
(3) R is completely integrally closed if and only if R’ is completely integrally 
closed. If R is a gcd domain this holds if and only if B(R) is archimedian (cf. 
Lemma 2.3). 
Our aim is to prove some deeper results of this type. To do so we recall briefly 
some notions from valuation theory and from ideal theory. In order to keep the 
exposition from becoming too long, we restrict ourselves to showing how notions 
from valuation theory translate into the language of monoids (Proposition 4.6) and 
how notions from the theory of t-ideals translate into the language of po-groups 
(Proposition 4.7). 
We start with valuation theory. Let R be an integral domain with quotient field K, 
r an o-group, v : K + r u (a} a valuation and R, = {x E K ( v(x) 2 l> the corres- 
ponding valuation ring. We say that v has rank one, if r has rank one and that v is 
discrete, if r is cyclic; further v is called essentialfor R, if R, = Rs for some submonoid 
S c R’ (cf. [9; Section 111). Let v’ : K + r’ u {co} be a valuation; then v and v’ are 
called independent, if for every valuation w : K + A v { CCI} with R, c R, and R,, c R, 
it follows that R, = K. 
We recall from [lo] the notion of an additive homomorphism. Let R be an integral 
domain and cp :R’ --, D a monoid homomorphism; cp is called additive, if the following 
two conditions are fulfilled: 
(1) If a, b,c e R”, a + b # 0, cp(c)lcp(a) nd cp(c)lq(b), then cp(c)lcp(a + b). 
(2) If a, b E R*, a + b # 0, cp(u)I rp(b) and cp(b)X rp(u), then cp(a + b)l q(u). 
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Lemma 4.5. Let R be an integral domain with quotient field K, cp: R’ + D a monoid 
homomorphism. If cp is essential and D a valuation monoid, then cp is additive. 
Proof. Let cp be essential and D a valuation monoid. Then cp satisfies condition (1) by 
[lo, Proposition 8.23 and it remains to verify condition (2). 
Let a, b E R’ be such that a + b # 0, cp(a)Jcp(b) and cp(b)# cp(a). Obviously, 
cp(-b) = cp(b)cp(-l)Ecp(b)D”. Since 
gcd{cp(a + b),cp(b)Ilcp((a + b) - b) = cp(a)lcp(b), 
it follows that gcd{cp(a + b), q(b)) E cp(a + b)D” and hence cp(a + b)lq(a). IJ 
Proposition 4.6. Let R be an integral domain with quotientJield K, cp : R’ + D a monoid 
homomorphism into a reduced valuation monoid such that 2((p) is surjective. Let 
v:K -S(D)u{oo} be defined by v(0) = 00 and vlr<” = A!(q). Then we have: 
(1) rp is additive if and only if v is a valuation. 
(2) cp is essential if and only if v is an essential valuation for R. 
(3) Let cp’: R* -+ D’ be a monoid homomorphism into a reduced valuation monoid D’, 
let v’:K + _~(D’)u{ GQ} be dejined analogously to v and suppose that q and cp’ are 
essential. Then cp and cp’ are independent monoid homomorphisms if and only if v and v’ 
are independent valuations. 
Proof. (1) This follows from [lo, Proposition 8.41. 
(2) By Lemma 2.7 in [lo] q is essential if and only if R; = S- ’ . R* for some 
submonoid S c R’. Thus the assertion follows from (1) and Lemma 4.5. 
(3) This follows from (1) and Proposition 2.10. 0 
Next we consider ideal theory. Let R be an integral domain with quotient field 
K and 9(R) the set of fractional ideals of R. For I E Y(R) we set 
(R:Z)={XEKJXZER}, I, = (R:(R:Z)) 
and 
1, = u I”, J G I, J E Y(R) is finitely generated. 
A fractional ideal Z with Z = I, (respectively, Z= I,) is said to be divisorial or a v-ideal 
(respectively, a t-ideal). The set of v-ideals X”(R) forms a monoid with respect to 
v-multiplication where I, x J, = (Z,J,),; similarly the set of t-ideals 9r(R) is a monoid 
with t-multiplication being defined by I, x J, = (Z,Jt),. 
A v-ideal (resp. t-ideal) is said to be finitely generated if Z = J, (resp. Z = J,) for some 
finitely generated J E 9(R). The set 9!(R) (resp. Y/(R)) of all finitely generated 
v-ideals (resp. t-ideals) is a submonoid of 9,,(R) (resp. (Y*(R)). By definition we have 
9:(R) = Y{(R) and on Y:(R) the v-multiplication equals t-multiplication. 
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Proposition 4.7. Let R be an integral domain. Then there exists an isomorphism 
o: Yt(%(R)) + 9t(R) such that .(9:(9(R))) = Xi(R). 
Proof. Let w: K” + 9(R) be the canonical epimorphism. For A E 9,(9(R)) we set 
o(A) = w-‘(A)u{O). Then we have 
w(a + b) E (w(a), w(b)), c A, = A 
for any a, b E o(A), a + b # 0 and it may be proved easily that (T (A) is a fractional 
ideal of R. Moreover, we have w(x- ‘) I w(y) for all y E o(A) and any x E a(A)- ’ = 
(R: o(A)). Hence, for a E (o(A))~ we have w(a) E (w@(A))), = A, = A and a E o(A). It 
follows that a(A) is a t-ideal in R. Since 
a(A x B) = a((AB),) = w- l ((~WU{O~ = (W-l(‘wUPHt 
= ((w-l(A)u{o}).(w-l(B)u(o}))t = o(A)xo(B) 
(as may be verified by simple computation), CJ is a homomorphism. 
Now, for J E Xt(R) we set ll/(J) = w(J”) where J” = J\(O). Let w(a) E ($(J))t in 
9(R). Then there exists p = {pl, . . . ,p,} c w(J”) such that w(a) E pt. Letf;: E K” be 
such that w(J) = pi, i E (1, . . . , n}, and let F be the fractional ideal in R generated by 
{fl,...,fn}. Then aEF,and we have {fl,...,fn} SW-‘(p)cJ” anditfollows that 
a E F, c J, = J. Therefore, q?(J) is a t-ideal in 9(R) and it is clear that II/ is a homomor- 
phism which is inverse to cr. [7 
5. Main results 
Definition 5.1. An integral domain R is called a Priifer-v-multiplication domain, if 
9/(R) is a group. 
Priifer-v-multiplication domains (PVMDs) are called v-multiplication domains in 
the papers of Griffin [14,16] and in [21]; they are called pseudo-Priifer domains by 
Bourbaki [6; p. 5611 and [24]. The standard examples for PVMDs are Priifer 
domains, Krull domains and gcd domains. PVMDs have received a good deal of 
attention recently, see for example [22,23,26,33,34]. In particular, there exists a re- 
spectable number of characterizations of PVMDs. However, it seems that it has not 
been observed so far that the property of being a PVMD is a purely multiplicative 
one; i.e., it just depends on the multiplicative monoid of the domain. 
Theorem 5.2. For an integral domain R the following conditions are equivalent: 
(1) R* has a quasi-divisor theory. 
(2) g(R) has a quasi-divisor theory. 
(3) R is a Priifer-v-multiplication domain. 
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Proof. (1) and (2) are equivalent by Proposition 4.4. Having in mind Proposition 4.7 
we see that the equivalence of (2) and (3) is based on Theorem 3.2. 0 
A family of valuations (u,: K + r, u { CO})~~~ is said to be a defningfumi~y (afamily 
ojjnite character), if for all p E P up(R’) s rl and (up (R' : R” + ri )r.r is a defining 
family (a family of finite character). 
The following definition is due to Griffin [14]. 
Definition 5.3. Let R be an integral domain. If there exists a defining family of 
essential valuations, 
(1) then R is called an essential domain, 
(2) which is of finite character, then R is called a domain ofKrul1 type, 
(3) which is of finite character and each two valuations are independent, hen R is 
called an independent domain of Cull type, 
(4) which is of finite character and all valuations are of rank one, then R is called 
a generalized Krull domain, 
(5) which is of finite character and all valuations are discrete and of rank one, then 
R is called a Krull domain. 
Griffin proved that a PVMD is an essential domain [16, p. 7171 and that a domain 
of Krull type is a PVMD [ 14, Proposition 133; by the very definition an independent 
domain of Krull type is a domain of Krull type and, since rank one valuations are 
independent, a generalized Krull domain is an independent domain of Krull type. 
None of these implications can be reversed (cf. [ 14, Section 9; 211). Clearly, all these 
domains are integrally closed and generalized Krull domains are completely integrally 
closed. For further results cf. [ 14-16,11,20,23,33]. 
Let R be an integral domain. Then R’ is an essential monoid if and only if R is an 
essential domain, which is an immediate consequence of Propositions 4.6 and 2.15. 
Theorem 5.4. For an integral domain R the following conditions are equivalent: 
(1) R* has a quasi-divisor theory offinite character. 
(2) ‘S(R) has a quasi-divisor theory offinite character. 
(3) R is a domain of Krull type. 
Proof. Proposition 4.4 implies the equivalence of (1) and (2). In light of Lemma 4.3 
and Proposition 4.6, Theorem 3.8 shows the equivalence of (2) and (3). 0 
Theorem 5.5. For an integral domain R the following conditions are equivalent: 
(1) R’ has an independent quasi-divisor theory. 
(2) B(R) has an independent quasi-divisor theory. 
(3) R is an independent domain of Krull type. 
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Proof. Arguing as above, we see that (1) and (2) are equivalent. In view of Proposition 
4.6 the equivalence of (1) and (3) rests on Theorem 2.17. 0 
In [23, p. 2961 and in [37, p. 511 different but equivalent definitions of independent 
domains of Krull type are given. 
The final corollary goes back to Skula [36] and Krause 1271; cf. also [ 10, Corollary 
8.51. 
Corollary 5.6. Let R be an integral domain. Then R’ has a (generalized) divisor theory 
if and only if R is a (generalized) Krull domain. 
Proof. This follows immediately from Theorem 5.5 and Lemma 4.2. 0 
Remark. The previous characterizations do not only yield new insight into the 
structure of these domains, but they often allow us to give shorter proofs of well- 
known facts about these domains and even to derive new results. We just want to give 
two examples: 
(1) Theorem 3.5 shows that every PVMD is an essential domain, which was 
originally proved by Griffin. 
(2) Theorem 3.5 in [30] verifies the equivalence of various approximation proper- 
ties of domains of Krull type. Theorems 4.7 and 8.3 in [lo] show that a strong 
approximation theorem holds for independent domains of Krull type. 
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